Abstract. The diffraction image of a quasicrystal admits a finite group G as a symmetry group, and the quasicrystal can be regarded as a quasiperiodic packing of copies of a G-cluster C, joined by glue atoms. The physical space E containing C can be embedded into a higher-dimensional space R k such that, up to an inflation factor, C is the orthogonal projection of the set
+t along E is a quasiperiodic packing of partially occupied copies of C, but unfortunately, the occupation of clusters is very low. In our modified strip projection method we firstly determine for each point x ∈ Z k ∩ S the number n(x) of all the arithmetic neighbours of x lying in the strip S, and project the points of Z k ∩ S on E in the decreasing order of the occupation number n(x). In the case when n(x) represents more than p% of all the points of the cluster C we project all the arithmetic neighbours of x (lying inside or outside S). We choose p such that to avoid the superposition of the fully occupied clusters. The projection of a point x with n(x) less than p% of all the points of the cluster C is added to the pattern only if it is not too close to the already obtained points.
Introduction
Quasicrystals are materials with perfect long-range order, but with no three-dimensional translational periodicity. The discovery of these solids in the early 1980's and the challenge to describe their structure led to a great interest in quasiperiodic sets of points [11, 12] . The diffraction image of a quasicrystal contains a set of sharp Bragg peaks invariant under a finite non-crystallographic group of symmetries G, called the symmetry group of quasicrystal (in reciprocal space). In the case of quasicrystals with no translational periodicity this group is the icosahedral group Y and in the case of quasicrystals periodic along one direction (two-dimensional quasicrystals) G is one of the dihedral groups D 8 (octagonal quasicrystals), D 10 (decagonal quasicrystals) and D 12 (dodecagonal quasicrystals).
Real structure information obtained by high resolution transmission electron microscopy suggests us that a quasicrystal with symmetry group G can be regarded as a quasiperiodic packing of copies of a well-defined G-invariant cluster C, joined by glue atoms [7] . From a mathematical point of view, a G-cluster is a finite union of orbits of G, in a fixed linear representation of G. A mathematical algorithm for generating quasiperiodic packings of interpenetrating copies of G-clusters was obtained by author in collaboration with Verger-Gaugry several years ago [1] . This algorithm based on strip projection method [6, 8, 9, 10] works for any finite group G and any G-cluster, but in the case of a multi-shell cluster the dimension of the involved superspace is rather high, and the occupation of the clusters occurring in the generated pattern is too low. Some mathematical results recently obtained by author [3, 5] simplify the computer program and allow to use strip projection method in the superspaces required by this approach. Now, our aim is to present a way to increase the occupation of clusters occurring in the generated quasiperiodic set.
Two-dimensional packings of clusters
Let G be one of the dihedral groups D 8 , D 10 , D 12 . Each group D 2m can be defined in terms of generators and relations as
and the formulae a(α, β) = α cos 
define an R-irreducible representation in R 2 . The orbit generated by (α, β) = (0, 0) D 2m (α, β) = {(α, β), a(α, β), a 2 (α, β), ..., a 2m−1 (α, β)}
contains 2m points (vertices of a regular polygon with 2m sides). Let 
from R k are orthogonal and have the same norm
We identify the physical space with the two-dimensional subspace
of the superspace R k and denote by E
The orthogonal projection on E 2 of a vector x ∈ R k is the vector
where κ = ||w 1 || = ||w 2 ||, and the orthogonal projector corresponding to E
We describe E 2 by using the orthogonal basis {κ −2 w 1 , κ −2 w 2 }. Therefore, in view of (9) the expression in coordinates of π 2 is
The projection
is a polyhedron (called the window of selection) in the (k−2)-dimensional subspace E ⊥ 2 , and each (k−3)-dimensional face of W 2,k is the projection of a (k−3)-dimensional face of Λ k . The vectors e 1 = (1, 0, 0, ..., 0), e 2 = (0, 1, 0, ..., 0), ..., e k = (0, 0, ..., 0, 1) from R k form the canonical basis of R k , and each (k−3)-face of Λ k is parallel to (k−3) of these vectors and orthogonal to three of them. There exist eight (k−3)-faces of Λ k orthogonal to the distinct vectors e i 1 , e i 2 , e i 3 , and the set
contains one and only one point from each of them. There are
sets of 2 3 parallel (k−3)-faces of Λ k , and we label them by using the elements of the set
In R 3 the cross-product of two vectors v = (v x , v y , v z ) and w = (w x , w y , w z ) is a vector orthogonal to v and w, and can be obtained by expanding the formal determinant
where {i, j, k} is the canonical basis of R 3 . For any vector u = (u x , u y , u z ), the scalar product of u and v × w is
In a very similar way, a vector y orthogonal to l = k−1 vectors
from R k can be obtained by expanding the formal determinant is a vector orthogonal to the vectors e 4 , e 5 , ..., e k , w 1 , w 2 , and Right: A fragment of a set Ω defined by C 2 . The nearest neighbours of any point q of Ω belong to q + C 2 , which is a copy of C 2 with the center at point q.
for any x ∈ R k . The vector y belongs to E ⊥ 2 , and since e i − π ⊥ 2 e i is a linear combination of w 1 and w 2 , it is also orthogonal to π 
Consider the strip corresponding to W 2,k (see figure 1 )
and define for each (i 1 , i 2 , i 3 ) ∈ I 2,k the number
A point x ∈ R k belongs to the strip S 2,k if and only if
The set defined in terms of the strip projection method [6, 8, 9, 10 ]
can be regarded as a packing of translated partially occupied copies of C 2 . Since
we get
that is, the neighbours of any point π 2 x ∈ Ω belong to the translated copy π 2 x+C 2 of C 2 . A larger class of aperiodic pattens can be obtained by translating the strip S 2,k . For each t ∈ R k the set Figure 2 . Left: A one-shell D 10 -cluster and a fragment of the corresponding quasiperiodic set. Right: A fragment of the quasiperiodic set defined by a twoshell D 10 -cluster, obtained by using strip projection method in a ten-dimensional superspace. The starting cluster is a covering cluster, but for most of the points the occupation is extremely low.
is a packings of partially occupied copies of C 2 . Some particular examples can be seen in figures 1-3.
Modified strip projection method
The algorithm based on the strip projection method presented in the previous section is very efficient. Hundreds of points of Ω can be obtained in only a few minutes for rather complicated G-clusters C 2 , but, as one can remark in figures 1-3, for most of the points of Ω the occupation of the corresponding cluster is very low. On the other hand, the images concerning the quasicrystal structure obtained by high resolution transmission electron microscopy show the presence of a significant percentage of fully occupied clusters. The number n(x) of the neighbours of a point π 2 x ∈ Ω occurring in Ω corresponds to the number of the points of the set {x ± e 1 , x ± e 2 , ..., x ± e k } belonging to the strip t + S 2,k . In our modified strip projection method we firstly determine n(x) for all the points of Z k lying in the fragment of the strip we intend to project, and then we project the points in the decreasing order of the occupation number n(x). In the case when n(x) represents more than p% of all the points of the cluster C 2 we project all the arithmetic neighbours of x (lying inside or outside the strip t + S 2,k ). We choose p such that to avoid the superposition of the fully occupied clusters. The projection of a point x with n(x) less than p% of all the points of the cluster C 2 is added to the pattern only if it is not too close to the already obtained points. We get in this way a discrete setΩ containing fully occupied copies of the cluster C 2 .
In the structure analysis of quasicrystals, the experimental diffraction image is compared with the diffraction image of the mathematical model, regarded as a set of scatterers. In order to compute the diffraction image of a discrete set Ω one has to use the Fourier transform and to identify Ω with the Dirac comb ω∈Ω δ ω , which will also be denoted by Ω . The set Ω defined in terms of the strip projection method is an infinite Figure 4 . Left: The setΩ 0 containing 1019 points corresponding to the set Ω 0 from the previous figure, defined by using the modified strip projection method. Centre: The cluster C 2 . Right: The set of points ξ whereΩ * 0 (ξ) is greater than 0.15% of its maximal value.
set, but the setΩ 0 we can effectively generate is evidently a finite set, obtained by starting from a finite fragment Ω 0 of Ω. This is not very bad since any quasicrystal has a finite number of atoms. Nevertheless, a fragment of Ω orΩ can not be an acceptable model for a quasicrystal unless it is large enough.
The diffraction pattern corresponding to Ω 0 is related to the function
where F [Ω 0 ] means the Fourier transform of the distribution Ω 0 = ω∈Ω 0 δ ω . In figure  3 we present a fragment Ω 0 of the set Ω corresponding to a C 12 -cluster and the set ξ ∈ R 2 | Ω * 0 (ξ) > 1 1000 Ω * 0 (0) in order to illustrate the shape and symmetry properties of the diffraction image of Ω 0 . The case of the setΩ 0 corresponding to Ω 0 , obtained by using the modified strip projection method in R 6 , is presented in figure 4 . It is an open problem if the diffraction properties of the sets obtained by using the modified strip projection method are similar to those of sets obtained by the nonmodified version. A mathematical answer seems to be difficult, but some suggestions in this direction can be obtained by analysing larger fragments. By using our computer program the fragment containing 923 points presented in figure 3 and its diffraction pattern are obtained in one minute. In two hours one can obtain about 16000 points. The fragment generated by the modified method presented in figure 4 can be obtained in two minutes.
Quasiperiodic packings of icosahedral clusters
The icosahedral group Y = 235 can be defined in terms of generators and relations as
and the rotations a, b :
where τ = (1 + √ 5)/2, generate an irreducible representation of Y in R 3 . In the case of this representation there are the trivial orbit Y (0, 0, 0) = {(0, 0, 0)} of length 1, the orbits
where α ∈ (0, ∞)
of length 12 (vertices of a regular icosahedron), the orbits
of length 20 (vertices of a regular dodecahedron), the orbits
of length 30 (vertices of an icosidodecahedron), and all the other orbits are of length 60. If the set symmetric with respect to the origin
where
, is a finite union of orbits of Y then the vectors
from R k are orthogonal
and have the same norm κ = ||w 1 || = ||w 2 || = ||w 3 ||. They allow us to identify the physical space with the three-dimensional subspace
of the superspace R k . The orthogonal projection on E 3 of a vector x ∈ R k is the vector
The orthogonal projector corresponding to the orthogonal complement
If we describe E 3 by using the orthogonal basis {κ −2 w 1 , κ −2 w 2 , κ −2 w 3 } then the expression in coordinates of π 3 is
) of the vectors e 1 , e 2 , ..., e k and orthogonal to four of them. There exist sixteen (k−4)-faces of Λ k orthogonal to the distinct vectors e i 1 , e i 2 , e i 3 , e i 4 , and the set
sets of 2 4 parallel (k−4)-faces of Λ k , and we label them by using the elements of the set
A point x = (x 1 , x 2 , ..., x k ) ∈ R k belongs to the strip S 3,k if and only if
for each (i 1 , i 2 , i 3 , i 4 ) ∈ I 3,k , where
For each t ∈ R k , the pattern defined in terms of the strip projection method [6, 8, 9, 10 ]
can be regarded as a quasiperiodic packing of copies of the starting cluster C 3 .
The algorithm based on the strip projection method presented above is very efficient. In the case of a three-shell Y -cluster formed by the vertices of a regular icosahedron, a regular dodecahedron and an icosidodecahedron we use a 31-dimensional superspace, W 3,k is a polyhedron lying in the 28-dimensional subspace E ⊥ 3 bounded by 31465 pairs of parallel 27-dimensional faces, but we obtain 400-500 points in less than 10 minutes [2] . With the modification indicated in the previous section we can obtain quasiperiodic packings of multi-shell icosahedral clusters containing a significant percentage of fully occupied clusters.
Concluding remarks
Some of the most remarkable tilings and discrete quasiperiodic sets used in quasicrystal physics are obtained by using strip projection method in a superspace of dimension four, five or six, and the projection of a unit hypercube as a window of selection [4, 6, 9] . The mathematical results presented above allow one to use this very elegant method in superspaces of dimension much higher, and to generate discrete quasiperiodic sets with a more complicated structure by starting from the symmetry group G and the local structure described by a covering cluster C. In our approach the window (which, generally, is a polyhedron with hundreds or thousands faces) is described in a simple way and we have to compute only determinants of order three or four, independently of the dimension of the superspace we use. These mathematical results have allowed us to obtain some very efficient computer programs for our algorithm [5] . Hundreds of points of our mathematical models can be obtained in only a few minutes.
The quasiperiodic set generated by starting from a G-cluster C is a packing of partially occupied copies of C, but for most of these copies the occupation is very low. The main purpose of the paper is to present a modified version of the strip projection method. We project certain points lying outside the strip and do not project certain points lying inside the strip in order to favour the apperance of fully occupied clusters. More exactly, we start from the pattern generated by the standard strip projection method and help the clusters with occupation above a certain threshold (p%) to complete their configuration up to a fully occupied clusters. We project a minimum number of points lying outside the strip, and avoid to project certain points lying inside the strip.
The symmetry group G corresponding to a real quasicrystal can be deduced from the diffraction images, and the covering cluster C can be chosen by analyzing the real structure information obtained by high-resolution transmission electron microscopy. Our modified strip projection method allows one to generate a mathematical model, and to compute the corresponding diffraction image by using the Fourier transform. If the agreement with the experimental data is not acceptable one has to look for a more suitable covering cluster C. 
